We consider the following "field descent problem" for principal ideals I of number fields K. Assume that I is invariant under a Galois automorphism σ of K; decide wether there is a generator g of I with g σ = g, i.e., wether I can be generated by an element of Fix σ. We solve this problem for certain ideals by elementary methods. As a consequence, we are able to exhibit large explicit subgroups of class groups of CM -fields. This leads to some good lower bounds for the p-ranks of these class groups.
Introduction
Ideal class groups of algebraic number fields are usually studied in terms of class field theory and Galois cohomology, cf. [3, 4, 5, 6, 8, 11, 12, 19, 20] . The p-ranks of class groups are of particular interest since they are fundamental for the algebraic properties of the underlying number field, see [3, 8, 17] . Lower bounds on p-ranks of class groups are particularly desirable. For example, in view of the celebrated result of Golod and Shafarevic [7] , such bounds can be used to show that certain number fields have infinite class field towers. In this paper, we will use a different approach: In order to get class group estimates, we consider certain ideals above ramified prime ideals in CMfields and show by elementary methods that these ideals are nonprincipal. The main idea of the proof is to show that principal ideals often necessarily have to lie in a quite small subfield of the underlying CM -field. This method of "field descent" already has been used successfully by the author for the study of combinatorial problems involving cyclotomic integers [18] . Our approach here will give us explicit subgroups of class groups of CM -fields. As a consequence, we will get lower bounds on p-ranks of class groups which are comparable to a bound obtained by Schoof [19, Prop. 3 .1]. Schoof's result is more general, but it seems that our bounds are stronger in some cases. As examples for the application of our bound, we give simple explicit sufficient conditions for cyclotomic fields to have infinite p-class field towers.
Preliminaries
In this section, we introduce some notation and state some well known results we need later. Throughout this paper, we use the notation ξ t := exp 2πi/t and write ord m (a) for the multiplicative order of a modulo m. The Euler totient function is denoted by ϕ. The following is a basic lemma on the structure of the group of units of Z/p b Z, see [10] .
Lemma 2.1 Let p be a prime, and let b be a positive integer such that (p, b) = (2, 1). If s is an integer satisfying s ≡ 1 (mod p b ) and s ≡ 1 (mod p b+1 ) then ord p c (s) = p c−b for all c ≥ b.
The following lemma of Kronecker's is an essential tool for most results of this paper. See [2, Section 2.3, Thm. 2] for a proof.
Lemma 2.2
An algebraic integer all of whose conjugates have absolute value 1 is a root of unity.
Note that Lemma 2.2 implies that any cyclotomic integer of absolute value 1 must be a root of unity since the Galois group of a cyclotomic field is abelian. Now we recall some facts on CM -fields, see [20, p. 38 ].
Lemma 2.3 Let K be a CM -field, i.e., K = K + ( √ α) where K + is totally real and α ∈ K + is totally negative. a) Complex conjugation induces an automorphism of K which is independent of the imbedding of K in C, i.e.,
for all x ∈ K and all imbeddings α, β of K in C. b) We have α(x) = α(x) for all x ∈ K and all imbeddings α of K in C. c) If ε is a unit in K of modulus 1, then ε is a root of unity. 
where t = ϕ(m )/ord m (p), and the π i are distinct prime ideals. Furthermore, the decomposition group of each P i consists exactly of those σ ∈ Gal(Q(ξ m )/Q) for which there is an integer j such that
The fixing theorem
Let I be a principal ideal of a number field K. It will turn out that it is very useful to have conditions telling us if I can be generated by an element of a certain subfield of K. We call this the field descent problem. The study of the following fixing problem will help us finding answers to the field descent problem.
Problem 3.1 (Fixing Problem) Let σ be an automorphism of a number field K, and let T := {X ∈ K : X σ = εX for some root of unity ε}.
Is there, for every X ∈ T , a root of unity δ X ∈ K such that Xδ X remains fixed by σ?
Actually, we will be able to do more than solving the fixing problem. Namely, we will determine a root of unity η only depending on K with the following property. For every X ∈ T there is a root of unity δ X ∈ K such that (Xδ X ) σ /(Xδ X ) is a power of η. In many cases, we will have η = 1 which means that the answer to the fixing problem is positive. However, the answer to the fixing problem is not always positive. To see this, we consider the example of Gauss sums. Let p be an odd prime, and denote the finite field of order p by F p . We consider a Gauss sum
where χ is a nontrivial character of F * p . Let σ ∈ Gal(Q(ξ p(p−1) )/Q) be defined by σ(ξ p−1 ) = ξ p−1 and σ(ξ p ) = ξ a p where a is a primitive root modulo p. Then
If the answer to the fixing problem was positive for the chosen σ, then The following theorem in particular provides sufficient conditions for a positive answer to the fixing problem. In many cases, our conditions are also necessary as can be seen through the example of Gauss sums. One look at these conditions shows that they are messy. However, these are just numerical conditions which are easy to check for any given instance. As we will see later, this result is very useful for the study of class groups of CM -fields.
For a prime p and an integer x, let x p be the p-part of x, i.e., x = x p x where x p is a power of p and (x , p) = 1. Theorem 3.2 (Fixing Theorem) Let K be an algebraic number field, and let σ be an automorphism of K of order y. Let Q(ξ m ), m ≡ 2(mod 4), be the largest cyclotomic field contained in K. Define t by σ(ξ m ) = ξ t m . Let S be the set of rational primes dividing m. Let 
If
(1) X σ = εX for X ∈ K and some root of unity ε, then there is an mth root of unity α and an f (m, σ)th root of unity η with
Proof Since ε is a root of unity in K, we have ε = ±ξ j m for some j. Thus ε σ = ε t . Write ε = δ p∈S λ p where each λ p is m p th root of unity and δ = ±1. We choose δ = 1 if m is even. We apply σ to (1) repeatedly y − 1 for all p ∈ S.
Claim 1: If p ∈ S is odd and t ≡ 1 (mod p) or p = 2 and t ≡ 1 (mod 4), then Proof of Claim 2: If t ≡ 1 (mod p), then (5) certainly has a solution since λ p is a m p th root of unity. Thus we may assume t ≡ 1 (mod p). Then ord mp (t) is a power of p and thus divides y p . Using the definition of T , we conclude ord mp (t) = y p . If y p = 1, then by (3) and (4), we get λ p = 1 and hence (5) has a solution. Thus we may assume y p > 1. Again define b by (3) and (4) Claim 4: Let U be the set of primes p in S for which (5) has a solution i p .
Proof of Claim 4: This is a straightforward calculation using X σ = εX, ε = δ p∈S λ p and (5).
Claim 5: ω := δ p∈S\U λ p is an f (m, σ)th root of unity. Proof of Claim 5: First let p be odd. If p ∈ S \ U , then p ∈ T by Claim 2. Furthermore, by (3) and (4), we get λ
Now consider p = 2. If 2 ∈ S \ U , then by Claims 2 and 3 we have 2 ∈ T and t ≡ 1 (mod 4) or t ≡ 3 (mod 4) and 2m 2 divides t y − 1. In both cases, the definition of f (m, σ) together with (3) and (4) 
Conclusion of the proof:
The assertion of the Theorem follows from Claims 4 and 5. We take α = γ and η = ω. 2
In the next section, we will use the following consequence of the fixing theorem for the study of class groups of CM -fields. For a Galois automorphism σ, we denote the fixed field of σ by Fix σ. Corollary 3.3 Let K/k be a Galois extension of number fields, and let Q(ξ m ), m ≡ 2 (mod 4), be the largest cyclotomic field contained in K. If X σ = εX for X ∈ K, σ ∈ Gal(K/k) and some root of unity ε, then there is a root of unity α ∈ K such that (Xα) σ /(Xα) is an f (m, σ)th root of unity. In particular,
The following property of the function f defined in Theorem 3.2 is important.
Lemma 3.4 Let f (m, σ) be the function defined in Theorem 3.2, and let p be a prime not dividing the order of σ. Then p does not divide f (m, σ).
Proof Denote the order of σ by y. If p is odd and divides f (m, σ), then p divides y by the definition of f . Now let p = 2. If y is odd, then
Explicit subgroups of class groups of CM -fields
Now we turn our attention to class groups of CM -fields. We will use the idea of the "field descent" to obtain some explicit subgroups of class groups of CM -fields. The idea of the field descent is as follows. Let K be a CMfield, and let σ be a Galois automorphism of K. Under some conditions, the fixing theorem shows that many principal ideals invariant under σ actually must be ideals of the subfield Fix σ. Since most ideals of K are not ideals of Fix σ, this will imply that many ideals of K invariant under σ are nonprincipal. These ideals correspond to primes ramified in K/Fix σ and can be determined explicitly. We illustrate our strategy by a quick example. We will show that the prime ideals above p in Q(ξ 4p ), p ≡ 1 (mod 4), p > 5 prime, are nonprincipal.
where P is a prime ideal of K by Result 2.4. Assume that P is principal with generator g ∈ Z[ξ 4p ]. Let a be a primitive root mod p, and define σ ∈ Gal(K/Q) by ξ p → ξ a p and i → i. Then P σ = P by Result 2.4. Let X := pg/g. Then X is an algebraic integer and (X) = (X σ ). Thus
Thus |ε| = 1 and Kronecker's lemma shows that ε is a root of unity. For the function f in Theorem 3.2, we get f (4p, σ) = gcd(4p, 4) = 4. Thus (Xη) 4 ∈ Fix σ = Q(i) for some root of unity η ∈ K by Theorem 3.2. But this implies that
Let D := Gal(K/k), and let {σ 1 , ..., σ s } be a set of generators for D. Let T be a set of primes of k with T ∩ T = ∅. Denote the ramification index of P ∈ T in K/k by R(P ). Then the ideal class group Cl K of K contains a subgroup L isomorphic to Ω/Λ where
and Λ is a subgroup of Ω isomorphic to a subgroup of
Here f is the function defined in Theorem 3.2. Moreover, L is contained in the subgroup of Cl K generated by the primes of K above primes in T .
Proof We first need some notation. Write S := T ∪T . Write R(P ) = R(P ) for P ∈ T . We have P = P R(P ) K for P ∈ S where each P K is an ideal of K. The ideals P K are not necessarily prime ideals. For the convenience of the reader, we give a table of the notations we need for this proof. All occurring ideals are viewed as ideals of K.
K :
Galois extension, k complex D : = Gal(K/k) T : = a set of primes of k with T ∩ T = ∅ S : = T ∪ T R(P ) :
the ramification index of P ∈ S in K/k P K :
the ideal of K with P R(P ) K = P , P ∈ S Γ : the group of all ideals of K H : the group of all principal ideals of K I : = the subgroup of Γ generated by the ideals P K , P ∈ S I * : = the subgroup of I generated by the ideals P K , P ∈ T R : = {JJ : J ∈ I} I k : = the subgroup of I generated by the ideals in S
Proof of Claim 1: Note that |X| = 1 for all X ∈ K S . Since σ fixes all ideals in I, we have (X σ ) = (X). Thus X σ = εX for some unit ε. But, since complex conjugation commutes with σ, we have |ε|
Thus ε is a root of unity by Lemma 2.3 c. This proves Claim 1. 
Now we define some useful elements
for all i and all Y ∈ F i .
Claim 2:
a) Let Z be the subgroup of I generated by (
Proof of Claim 2: a) Assertion a is proven if we can find an element Y ∈ K with (Y ) ∈ Z such that XY ∈ k. We recursively construct Y as follows. Define
i X i for some j i by (7) and Proof of Claim 3: Let X ∈ A, say X = i k r(h) with i k ∈ I k , r ∈ R and h ∈ K. Then h/h ∈ K S and thus (h/h) ∈ ZI k by Claim 2. Thus X/X = (h/h)(i k /i k ) ∈ ZI k and hence X ∈ W proving Claim 3. 
Proof of Claim 4: From the definitions, we have Z * RI k ⊂ W . It remains to show W ⊂ Z * RI k . Let X ∈ W be arbitrary. Write X = ab with a, b ∈ I * . Then X/X = (a/b)(b/a) ∈ ZI k and thus a/b ∈ Z * I k . Hence X = ab = (a/b)(bb) ∈ Z * I k R concluding the proof of Claim 4.
Claim 5:
The group W/RI k is isomorphic to a subgroup of
Proof of Claim 5: By Claim 4, W/RI k is generated by
i ∈ I k and thus the assertion.
Claim 6: IRH/I k RH has a factor group isomorphic to I/W . Proof of Claim 6: Since IRH/I k RH ∼ = I/I ∩ I k RH, the assertion follows from Claim 3.
Claim 7:
Let Ω = P ∈T (Z/R(P )Z). Then
where U is a subgroup of Ω isomorphic to a subgroup of
Proof of Claim 7: This follows from I/W ∼ = (I/RI k )/(W/RI k ) and Claim 5 since (I/RI k ) ∼ = P ∈T (Z/R(P )Z).
Conclusion of the proof of Theorem 4.2:
From Claims 6 and 7 we know that IRH/I k RH has a factor group and thus a subgroup isomorphic to Ω/U . This implies the assertion of the theorem. 2
In the following, the q-rank of a group G is denoted by d q G. Note that in Theorem 4.2, the group D cannot contain the complex conjugation since it does not fix the occuring prime ideals of k. However, in the case where D consists only of the complex conjugation and the identity, we can prove the following analogon to Theorem 4.2. As we will explain later, we will end up in recovering a special case of a result of Martinet [13] . 
Proof Let I be the ideal group of K generated by the primes above the primes of K + ramified in K/K + . Then I 2 = {J 2 : J ∈ I} is the subgroup of the ideals in I which are ideals of K + . Let X ∈ K with (X) ∈ I. Then X = ε X X for some unit ε since all ideals in I are invariant under complex conjugation. From Lemma 2.3 we know that ε X is a root of unity since |ε X | = 1. We choose an X ∈ K such that the order of ε X is maximum. Then, for every Y ∈ K with (Y ) ∈ I, there is a j such that X j Y = X j Y and thus (X j Y ) ∈ I 2 . Let H respectively H I be the group of all principal ideals of K respectively all principal ideals in I. Then, by what we have seen, H I ≤ I 2 (X) and thus I 2 H I ≤ I 2 (X) . Note that I/I 2 ∼ = (Z/2Z) r and that (X)I 2 /I 2 is of order at most 2. Thus
Application to p-ranks and class field towers
In this section, we use the field descent method to obtain some lower bounds on p-ranks of ideal class groups of CM -fields. We also explain the connection of these results to infinite class field towers. There is a vast literature on these problems. One of the most useful lower bounds on p-ranks of ideal class groups is due to Schoof [19] . We will obtain a similar bound which only is applicable to CM -fields, but apparently is stronger in some cases. The p-ranks of ideal class groups of number fields play an important role in algebraic number theory, see [3, 17, 19, 20] , for instance. In particular, lower bounds on p-ranks of class groups are desirable. One of the reasons for the interest in these lower bounds is the connection to the problem of class field towers. We give a quick review of the basics on class field towers. Let K be an algebraic number field. Define K 0 := K and for n = 1, 2, ... let K n+1 be the Hilbert class field respectively the p-Hilbert class field of K n for some prime p (see [3] for the terminology). Then
is called the class field tower respectively the p-class field tower of K. Such a class field tower is called finite if ∞ n=0 K n is a finite extension of K and infinite otherwise. The existence of infinite class field towers had been conjectured for several decades and finally was proven by Golod and Shavarevic [7] . The following refinement of their result can be found in [3] .
We first introduce some notation. By E K respectively Cl K we denote the group of units respectively the ideal class group of an algebraic number field K. For a prime p and a finitely generated abelian group G, we write
Result 5.1 Let K be an algebraic number field, and let p be a prime. If
then K has an infinite p-class tower and thus an infinite class field tower.
The value of d p E K can be determined by Dirichlet's unit theorem (see [2] ). Thus the essential step for the application of Result 5.1 is to find lower bounds for d p Cl K . Many results in this direction are known, see [3] , for instance. We will compare our results to a lower bound on d p Cl K due to Martinet [13] and Schoof [19] .
Result 5.2 (Martinet) Let K/k be a cylic extension of algebraic number fields of prime degree p. Then
where ρ is the number of finite and infinite primes of k ramified in K/k. 
The following generalization of Result 5.2 was obtained by Schoof [19] . For the formulation of this result, we need some notation. For a group G, the commutator subgroup of G is denoted by [G, G] . Let K be an algebraic number field. We write U K for the group of idèle units of K, i.e. the Kidèles which have trivial valuation at all finite places. For the definition of the cohomology groups we use, see [15, I §2] .
Result 5.3 (Schoof ) Let K/k be a Galois extension of algebraic number fields of with Galois group D. Then
Remark 5.4 In order to compare Result 5.3 with our method, we need to derive a simplified bound from 5.3 which can be calculated explicitly for our examples. Let K/k be a Galois extension of algebraic number fields with abelian Galois group D. Let S be the set of all (finite and infinite) primes of K and let S ∞ denote the set of infinite primes of K. For p ∈ S let K p denote the completion of K with respect to a fixed prime P of K above p. For p ∈ S \ S ∞ let U p denote the ring of units of K p and write T p for the inertia group of P in K/k. 
Let r be an odd prime and assume that k does not contain the rth roots of unity. Let R be the set of finite primes of k ramified in K/k.
Since we assume that K/k is an abelian extension, Schoof's result implies
where s respectively t is the number of real respectively complex embeddings of k.
From Theorem 4.2, we get a bound similar to Schoof's result. Our result only holds for CM -fields, but as a compensation sometimes gives slightly stronger bounds.
Corollary 5.5 Let K be a CM -field, and let k be a subfield of K such that K/k is Galois with Galois group D. Let p be a rational prime, and let ω be the number of finite primes of k which are not invariant under complex conjugation and whose ramification index in K/k is divisible by p. Then
where ε = d p D if K contains the pth roots of unity and ε = 0 otherwise. 
On the other hand, Corollary 5.5 implies
Hence Corollary 5.5 gives a slightly stronger bound than (8) . It might be possible to improve (8) by finding a better upper bound for
, but this seems difficult.
Corollary 5.7 Let K be a CM -field, and let k be a subfield of K such that K/k is a Galois extension of prime degree p. Let ω be the number of primes of k ramified in K/k and not invariant under complex conjugation. Then
where ε = 1 if K contains the pth roots of unity and ε = 0 otherwise.
Often it is desirable to find number fields of low absolute degree whose class groups have large p-rank for some prime p. Therefore, the following result on cyclotomic fields is of interest.
Corollary 5.8 Let m = qm where q is an odd prime with (q, m ) = 1 such that −1 is not a power of q modulo m . Let p be a prime divisor of q − 1. Then the cyclotomic field Q(ξ m ) has a complex subfield K of absolute degree ϕ(m )p/ord m (q) with
− ε where ε = 1 if p = 2 or p divides m and ε = 0 otherwise.
Proof Let x be a primitive root modulo q. By Result 2.4, the decomposition group of the primes above q in Q(ξ m ) is generated by σ q and σ m where σ q is defined by ξ q → ξ 
